A k-coloring of a graph G is a partition of the vertices of G into k independent sets, which are called colors. A k-coloring is neighbor-locating if any two vertices belonging to the same color can be distinguished from each other by the colors of their respective neighbors. The neighbor-locating chromatic number χ N L (G) is the minimum cardinality of a neighbor-locating coloring of G.
Introduction
This work is devoted to studying a special type of vertex partitions, the so-called neighborlocating colorings, whithin the family of graphs known as pseudotrees, that is to say, the set of all connected graphs containing at most one cycle.
There are mainly two types of location, metric location and neighbor location. Metriclocating sets (also known as resolving sets) were introduced simultaneously in [12, 15] , meanwhile neighbor-locating sets were introduced in [16] . In [8] , the notion of metric location was brought to the ambit of vertex partitions, and in [6] , there were first studied the socalled locating colorings, i.e., locating partitions (also known as resolving partitions) formed by independents sets. Both resolving partitions and locating colorings have been extensively studied since then. See e.g. [5, 9, 10, 11, 13, 14] and [2, 3, 4, 7, 17] , respectively.
In [1] , we started the study of neighbor-locating partitions formed by independent sets, which we named neighbor-locating colorings. More specifically, we considered vertex colorings such that any two vertices with the same color can be distinguished from each other by the colors of their respective neighbors. This paper continues that line of research focusing on the neighbor-locating colorings of pseudotrees, i.e., of paths, cycles, trees and unicyclic graphs.
Basic terminology
All the graphs considered in this paper are connected, undirected, simple and finite. The vertex set and the edge set of a graph G are denoted by V (G) and E(G), respectively. We let n(G) be the order of G, i.e. n(G) = |V (G)|. The neighborhood of a vertex v ∈ V (G) is the set N (v) = {w ∈ V (G) : vw ∈ E(G)}. The degree of v, defined as the cardinality of N (v), is denoted by deg (v) . When deg(v) = 1, v is called a leaf. The maximum degree ∆(G) of G is defined to be ∆(G) = max{deg(v) : v ∈ V (G)}. The distance between two vertices v, w ∈ V (G) is denoted by d(v, w). The diameter of G is diam(G) = max{d(v, w) : v, w ∈ V (G)}.
Let Π = {S 1 , . . . , S k } be a k-partition of V (G), i.e., a partition of the set of vertices of G into k subsets. If all the elements of Π are independent sets, then they are called colors and Π is said to be a coloring of G (also a k-coloring of G). We say that a vertex v ∈ V (G) has color i, or that is colored with i, whenever v ∈ S i .
Given a k-coloring Π = {S 1 , . . . , S k } of a graph G and a vertex v ∈ V (G), the color-degree of v is defined to be the number of different colors of Π containing some vertex of N (v), i.e., |{j : N (v) ∩ S j = ∅}|.
Neighbor-locating colorings
A coloring Π = {S 1 , . . . , S k } of a graph G is called a neighbor-locating coloring, an NLcoloring for short, if for every pair of different vertices u, v belonging to the same color S i , the set of colors of the neighborhood of u is different from the set of colors of the neighborhood of v, that is, {j : N (u) ∩ S j = ∅} = {j : N (v) ∩ S j = ∅}.
The neighbor-locating chromatic number χ N L (G), the NLC-number for short, is the minimum cardinality of an NL-coloring of G.
Both neighbor-locating colorings and the neighbor-locating chromatic number of a graph were introduced in [1] . As a straightforward consequence of these definitions the following remark is derived. Remark 1. Let Π = {S 1 , . . . , S k } be a k-NL-coloring of a graph G order n and maximum degree ∆. For every 1 ≤ i ≤ k, there are at most
vertices in S i of color-degree j, where
Theorem 2 ([1]
). Let G be a non-trivial connected graph of order n(G) = n and maximum degree
. Moreover, this bound is tight.
To simplify the writing, given a k-NL-coloring of a graph G with maximum degree ∆, we denote by a j (k) the maximum number of vertices of color-degree j and by (k), the maximum number of vertices of color-degree 1 or 2, where k ≥ 3 and 1 ≤ j ≤ ∆. By Remark 1, we have:
•
The remaining part of this paper is organized as follows. In Section 2, the neighborlocating chromatic number of paths and of cycles is determined. Section 4 deals with unicyclic graphs, providing a tight upper bound on the order of a unicyclic graph with a given fixed neighbor-locating chromatic number. In Section 5, the neighbor-locating colorings of trees is studied. Among other results, a tight upper bound on the order of a tree with a given fixed NLC-number. Finally, in Section 6, we summarize our results and pose some open problems.
Paths and Cycles
This section is devoted to determine the NLC-number of all paths and cycles, i.e., all graphs with maximum degree ∆(G) = 2. Proposition 3. If G is a graph of order n and maximum degree
Proof. Since all vertices have color-degree at most 2, we have n ≤ a 1 (k) + a 2 (k) = (k).
Corollary 4.
If G is either a path or a cycle such that n(G)
Proof. This inequality directly follows from Proposition 3 taking into account that is an increasing function.
Remark 5. Let {S 1 , . . . , S k } be a k-NL-coloring of a graph G of order n = (k) and maximum degree ∆(G) = 2. If k ≥ 3, then for every i ∈ {1, . . . , k}:
(2) there are exactly
vertices in S i of color-degree 2;
(3) there are exactly k − 1 vertices in S i of color-degree 1.
Proof. Since ∆(G) = 2, by Remark 1 we have
contradiction. Hence, (1) holds. Moreover, if, for some i ∈ {1, . . . , k}, the number of vertices of color-degree 2 is less than
or the number of vertices of color-degree 1 is less than
, which contradicts (1).
Proof. It is easy to check that (k) − 1 =
Suppose that, on the contrary, χ N L (C (k)−1 ) = k and consider a k-NL-coloring {S 1 , . . . , S k } of C (k)−1 . Similarly as argued in the proof of Remark 5, there must be exactly 
To attain this number of vertices, for each color i ∈ {1, . . . , k − 1}, there must be a vertex of color-degree 1 in S i with both neighbors in S k and, for every j = i, k, there must be a vertex of color-degree 2 in S i with a neighbor in S k and the other in S j . Besides, both neighbors of a vertex of S k belong to S 1 ∪ · · · ∪ S k−1 . Hence, if we sum the number of neighbors colored with k for all the vertices belonging to S 1 ∪ · · · ∪ S k−1 , we count exactly twice each vertex of S k . Therefore,
Next theorem establishes the NLC-number of paths and cycles of small order.
Theorem 7.
The values of the NLC-number for paths and cycles of order at most 9 are:
Proof. Trivially, P 2 is the only graph G with χ N L (G) = 2. According to Proposition 3, the order of a path or a cycle with NLC-number equal to 3 is at most 9. For P n with 3 ≤ n ≤ 9 and for C n with n ∈ {3, 5, 7, 9}, a 3-NL-coloring is displayed in Figure 1 . Figure 1 : From left to right, a 3-NL-coloring of cycles C 3 , C 5 , C 7 and C 9 . A 3-NL-coloring of paths P 4 , P 6 and P 8 can be obtained by removing the squared vertices and a 3-NL-coloring of paths P 3 , P 5 , P 7 and P 9 can be obtained by removing the edges a, b, c and d, respectively.
Clearly, χ N L (C 4 ) = 4 since, as was proved in [1] , for every complete multipartite graph G of order n, χ N L (G) = n.
An exhaustive analysis of all possible cases shows that χ N L (C 6 ) ≥ 4. Clearly, a 4-NLcoloring for C 6 can be obtained by inserting a vertex colored with 4 in any edge of the 3-NL-coloring given for C 5 in Figure 1 
Clearly, a 4-NL-coloring for C 8 can be obtained by inserting a vertex colored with 4 in any edge of the 3-NL-coloring given for C 7 in Figure 1 .
In what follows, several technical results are given. They are needed to prove Theorem 17, where the NLC-number of all paths and cycles of order greater than 9 is determined. Lemma 8. In any NL-coloring of the cycle C n , every vertex of color-degree 1 has at least one neighbor of color-degree 2.
Proof. Let x be a vertex of color-degree 1. In order to derive a contradiction, suppose that its two neighbors y and z have also color-degree 1. Then, y and z have the same color, and each one of them has its two neighbors with the same color, indeed the color of x. A contradiction in any NL-coloring.
The following operations will be used to obtain NL-colorings of some cycles from NLcolorings of smaller cycles by inserting vertices of degree 2.
Definition 9. Consider a coloring (not necessarily neighbor-locating) of a cycle C n . Let x and y be a pair of adjacent vertices colored with i and j, with i = j, respectively. The following operations produce a coloring of a cycle of order n + 1 and n + 2, respectively. Observe that the colors of vertices x and y are preserved with these operations. Operation (OP2) preserves also their color-degree and the set of colors of their neighbors. However, operation (OP1) changes the color-degree of x and y from 1 to 2. Besides, the vertex z added by operation (OP1) has color degree 2, meanwhile the vertices x and y added by operation (OP2) have color degree 1. Notice that the color, color-degree and set of colors of the neighborhood of any other vertex different from x, y, z when applying operation (OP1), and different from x, y, x y , when applying operation (OP2), remain unchanged.
The following type of NL-colorings will play an important role to construct N L-colorings of paths and cycles.
Definition 10. An NL-coloring is said to be 1-paired if every vertex of color-degree 1 has a neighbor of color-degree 1.
Remark 11. If a k-NL-coloring is 1-paired, then every vertex of color-degree 2 has at least one neighbor of color degree 2.
Remark 12. The 3-NL-coloring given in Figure 1 for the cycle C 9 is 1-paired.
Lemma 13. Let k ≥ 4 be an integer. Then,
(2) If n = a 2 (k), then there is a 1-paired k-NL-coloring of C n containing (at least) a pair of adjacent vertices of color-degree 1.
, then there is a 1-paired k-NL-coloring of C n containing a sequence of 7 consecutive vertices colored with 1, 2, 1, 2, 3, 2, 3, respectively.
Proof. Let k ≥ 4. We begin by proving that the stated result is true if there exists a 1-
(an example of the procedure described below is shown in Figure 3 for k = 4).
. As a consequence of Remark 5, by the one hand, if i, j, h are different colors from {1, . . . , k − 1}, then there must be a vertex in S h of color-degree 2 with a neighbor in S i and the other in S j . On the other hand, for each pair of distinct colors i, j ∈ {1, . . . , k − 1}, there must be a vertex in S i of color-degree 1 with both neighbors in S j . In this last case, since the coloring is 1-paired, one of these neighbors must have color-degree 1. Therefore, for each pair of distinct colors i, j ∈ {1, . . . , k − 1}, there is a pair of adjacent vertices x ∈ S i and y ∈ S j of color-degree 1. By Lemma 8, these
pairs of adjacent vertices of color-degree 1 are pairwise disjoint. For every one of the
pairs of adjacent vertices of color-degree 1 we can insert a new vertex colored with a new color k as described in (OP1). Note that in this way, we add at each step a new vertex of color-degree 2 to S k (the set of vertices with the new color k), and there is a pair of adjacent vertices of color-degree 1 that become vertices of color-degree 2. Besides, by construction, we have a k-NL-coloring at each step. Therefore, after
steps we obtain a k-NL-coloring of the cycle of order (k − 1) +
= a 2 (k) such that there are no vertices of color-degree 1. Moreover, at every intermediate step we have a 1-paired k-NL-coloring of the corresponding cycle. In particular, we obtain 1-paired k-NL-colorings of C a 2 (k)−1 and of C a 2 (k) such that for each unordered pair {i, j} ⊆ {1, . . . , k} there exists a pair of adjacent vertices x ∈ S i and y ∈ S j of color-degree 2. Besides, the 1-paired NL-coloring of C a 2 (k) has no vertices of color degree 1, while the 1-paired NL-coloring of C a 2 (k)−1 has exactly one pair of adjacent vertices of color-degree 1. Now, starting with the k-NL-coloring obtained for C a 2 (k) , choose an edge with endpoints of color-degree 2 in S i and S j , respectively, for every pair i, j of distinct colors of {1, . . . , k}. By successively applying (OP2) to the k 2 edges chosen in this way, it is possible to add up to k 2 pairs of adjacent vertices of color-degree 1 giving rise to a 1-paired coloring of C n , whenever n has the same parity as a 2 (k), and
We can proceed in a similar way starting with the 1-paired k-NL-coloring of C a 2 (k)−1 . The difference with respect to the preceding case is that now we already have a pair of vertices of color-degree 1 that we may assume are colored with i and j , respectively, with their neighbors in S j and in S i , respectively. Hence, in order to have an NL-coloring at each step, we don't choose any edge with endpoints of color-degree 2 and colored with i and j . By successively applying (OP2) to the k 2 − 1 chosen edges, it is possible to add up to k 2 − 1 pairs of adjacent vertices of color-degree 1 obtaining a 1-paired coloring of C n , whenever n has the same parity as a 2 (k) − 1, and
This procedure gives a 1-paired k-NL-coloring of C n , whenever (k − 1) < n ≤ (k) and n = (k) − 1. Moreover, by construction, the obtained 1-paired k-NL-coloring of C n has at least a pair of adjacent vertices of color-degree 1, except for the case n = a 2 (k), that has no vertex of color-degree 1. The sequence of colors 1, 2, 1, 2, 3, 2, 3 can be obtained in the following way. Consider the edges incident to a vertex u ∈ S 2 and with neighbors colored with 1 and 3 in C a 2 (k) (we know that it exists) and begin applying (OP2) to the edges incident to u.
Now we proceed to prove the stated result by induction. For k = 4, we have (3) = 9 and a 1-paired 3-NL-coloring of C 9 is given in Figure 3 . Hence, using the procedure described above, we have that the stated result is true for k = 4. Now let k > 4. By induction hypothesis, the stated result is true for k − 1, that is, there exists a 1-paired (k − 1)-NL-coloring of C (k−1) and we can proceed as described above to demonstrate the result for k. Inserting vertices of color-degree 2 in some edges of C 9 , we achieve 4-NL-colorings of C n , whenever n ∈ {10, 11, 12}. Inserting pairs of white vertices in some edges of C 11 and of C 12 we achieve 4-NL-colorings of C n , whenever n ∈ {13, . . . , 24} \ {23}.
Lemma 14. Let k ≥ 4 be an integer. If there is a 1-paired k-NL-coloring of C n , then there is a k-NL-coloring of P n .
Proof. Consider one of the 1-paired k-NL-colorings of C n described to prove Lemma 13. For n = a 2 (k), it is enough to remove from the cycle any edge joining two adjacent vertices of color-degree 1. For n = a 2 (k), the removal of any edge xy gives rise to only two vertices, x and y, of color-degree 1, and the set of colors of the neighborhood of any other vertex is not modified. Hence, in any case, we have a k-NL-coloring of the path P n .
Lemma 15. For every integer k ≥ 4, there is a k-NL-coloring of the path P (k)−1 .
Proof. Consider the k-NL-coloring of the cycle C (k) containing the sequence of vertices colored with 1, 2, 1, 2, 3, 2, 3 described in Lemma 13. If we remove from the preceding sequence the vertex colored with 2 whose neighbors have colors 1 and 3, respectively, then we obtain a k-NL-coloring of P (k)−1 .
Lemma 16. For every integer k ≥ 4, there is a (k + 1)-NL-coloring of the cycle C (k)−1 .
Proof. Consider a k-NL-coloring of the cycle C (k)−2 . Let x and y be adjacent vertices.
Remove the edge xy and add a new vertex z adjacent to x and y. If z is colored with a new color k + 1, then we have a (k + 1)-NL-coloring of C (k)−1 .
As a consequence of Corollary 4 and Lemmas 13, 14, 15 and 16, we can determine the neighbor-locating chromatic number of graphs and cycles of order at least 4. Notice that the given proofs of these lemmas are constructive. Hence, it is possible to produce NL-colorings of minimum cardinality for all paths and cycles.
Theorem 17. Let k, n be integers such that k ≥ 4 and (k − 1) < n ≤ (k). Then,
Fans and Wheels
The graphs that are obtained by adding a new vertex adjacent to every vertex of either the path or the cycle of order n − 1 are the fan and the wheel of order n, that are denoted by F n and W n , respectively. The preceding theorem allows us to determine the NLC-number of these graphs.
Lemma 18. If G is the graph obtained from a graph G by adding a new vertex adjacent to every vertex of
Proof. Let χ N L (G) = k, χ N L (G ) = k and let u be the vertex of G adjacent to every vertex of G. Obviously, k ≤ k + 1, because a (k + 1)-NL-coloring of G can be obtained from a k-NL-coloring of G by assigning a new color to vertex u. On the other hand, if we have a k -NL-coloring Π of G , then the color assigned to u must be different from the color assigned to any vertex of G. Moreover, since every vertex of G is adjacent to u, the coloring Π restricted to the vertices of G is a (k − 1)-NL-coloring of G, implying that k ≤ k − 1.
Theorem 19. The NLC-number of fans and wheels of order n, 4 ≤ n ≤ 10, is:
Proof. It is a direct consequence of Lemma 18 and Theorem 7.
Theorem 20. Let k, n be integers such that k ≥ 4 and (k − 1) + 1 < n ≤ (k) + 1. Then,
Proof. It is a direct consequence of Lemma 18 and Theorem 17.
Notice that NL-colorings of minimum cardinality for fans and wheels can be constructed from NL-colorings of paths and cycles, respectively, by assigning a new color to the added vertex.
Unicyclic graphs
A connected graph is called unicyclic if it contains precisely one cycle.
Moreover, if the equality holds, then G has maximum degree 3, and it contains k(k − 1) leaves,
vertices of degree 2, and k(k − 1) vertices of degree 3.
Proof. Let n, n 1 , n 2 and n ≥3 be respectively the order, the number of leaves, the number of vertices of degree 2 and the number of vertices of degree at least 3 of G. On the one hand, we know that
From here, we deduce that
On the other hand,
2 . Therefore,
Now, assume that there is a unicyclic graph G attaining this bound. In such a case, the inequalities in the preceding expression must be equalities. Thus, n ≥3 = n 1 = k(k − 1), and
. Finally, from Inequality 1, we deduce that n ≥3 = n 1 if and only if there are no vertices of degree greater than 3. Therefore, there are exactly n ≥3 vertices of degree 3. Since n ≥3 = n 1 = k(k − 1), the proof is complete.
The bound given in Theorem 21 is tight for k ≥ 5. To prove this, we first give a k-NLcoloring of the comb of order 2k(k − 1). Recall that, for every integer m ≥ 3, the comb B m is the tree obtained by attaching one leaf at every vertex of P m , the path of order m.
Proposition 22. For every k ≥ 5, there is a k-NL-coloring of the comb B k(k−1) .
Proof. Let k ≥ 5. Consider the comb B k(k−1) obtained by hanging a leaf to each vertex of a path P of order k(k − 1). We color with color 1 the leaves hanging from the first k − 1 vertices of the path P ; with color 2 the leaves hanging from the following k − 1 vertices of P ; and so on. For every r ∈ {1, . . . , k}, consider the set M r containing the k − 1 vertices of P adjacent to the leaves colored with r. We define a bijection between the vertices of M r and the k − 1 colors of the set L r = {1, 2, . . . , k} \ {r}. Set M r = {x r 1 , . . . , x r k−1 } so that x r i x r i+1 ∈ E(P ) for every i ∈ {1, . . . , k − 2}, and x r k−1 x r+1 1 ∈ E if r < k. 4 4 4 5 5 5 5 5 5 6 6 6 6 6 6 7 7 7 7 7 In B 20 and in B 42 , we have shifted the colors of the vertices in gray with respect to the general rule used to the vertices of M r , when r is odd. Below, the general rule for coloring adjacent vertices of consecutive groups M r and M r+1 and the leaves hanging from them. In all cases, the colors involved are r − 1, r, r + 1 and r + 2.
We assign the colors of L r in cyclically decreasing order to the vertices x r 1 , . . . , x r k−1 beginning with different colors in each case:
• If r is even, then we begin with r+1 modulo k. Therefore, x r 1 and x r 2 are colored respectively with r + 1 and r − 1 modulo k.
• If r is odd and r < k, then we begin with r − 2 modulo k. Therefore, x r k−2 and x r k−1 are colored respectively with r + 1 and r − 1 modulo k.
• If r is odd and r = k, then we proceed as in the case r odd and r < k, but we switch the colors of the last three vertices so that x k k−3 , x k k−2 and x k k−1 have color k − 1, 1 and 2, respectively.
See the defined k-NL-coloring of the comb B k(k−1) for k ∈ {5, 6, 7} in Figure 4 .
Notice that the colors of two consecutive vertices of M r differ by one unit modulo k, except for the first two vertices, when r is even, and for the last two vertices, when r is odd. Besides, the first vertex of M r is always colored with an odd number and the last vertex of M r is colored with an even number whenever k is even or when k is odd and r / ∈ {1, k − 1, k}. We claim that this procedure gives a k-NL-coloring of the comb B k(k−1) .
We only have to prove that for every pair of non-leaves with the same color, the sets of colors of their neighborhoods are different.
Let l ∈ {1, . . . , k}. There are exactly k − 1 non-leaves colored with l, and exactly one of them belongs to M r , for every r ∈ {1, . . . , k} \ {l}. Notice that the colors of the neighbors of v r l are {r, l − 1, l + 1}, except when v r l occupies the first or last positions in M r . Concretely, this happens for r ∈ {l − 2, l − 1, l + 1}, if l is even, and for r ∈ {l − 1, l + 1, l + 2}, if l is odd, whenever l = {1, 2, 3, k − 1, k}. Those last cases are analyzed separately.
We summarize in Table 1 the colors of the neighbors of v r l , r = l, for all cases. Observe that the sets of colors of the neighbors of v l 1 , v 2 , l , . . . , v l k−1 are different for every case, so that we have a k-NL-coloring for each case. 
Proof. Consider the k-NL-coloring of the cycle C a 2 (k) obtained in the proof of Lemma 13 , that is, with all vertices having color-degree 2. There is an edge xy with its endpoints x and y colored respectively with 2 and k − 1. Consider the k-NL-coloring of the comb B k(k−1) given in the proof of Proposition 22. Let x and y be the vertices of degree 2 of the comb B k(k−1) colored with k − 1 and 2, respectively. Consider the unicyclic graph U k obtained from the union of the cycle and the comb, deleting the edge xy from the cycle C a 2 (k) and adding the edges xx and yy . Notice that Figure 5 the case k = 6).
We claim that the k-NL-colorings of the cycle and the comb induce a k-NL-coloring in U k . We have only changed the colors of the neighborhoods of x and y . On the one hand x has color k − 1 and the colors of its neighbors are {1, 2, k − 2}. On the other hand, y has color 2 and the colors of its neighbors are {3, k − 1, k} if k is even, and {1, k − 1, k}, if k is odd. We can check in the tables given in the proof of Proposition 22 that any other vertex of the comb B k(k−1) has different color or different set of colors in their neighborhoods from those of x and y . Hence, we have a k-NL-coloring of U k . Corollary 24. For every k ≥ 5, the bound given in Theorem 21 is tight.
Trees
In this section, we give some bounds for trees.
Moreover, if the equality holds, then T has maximum degree 3 and it contains k(k − 1) leaves,
vertices of degree 2, and k(k − 1) − 2 vertices of degree 3.
Proof. Let n, n 1 , n 2 and n ≥3 be respectively the order, the number of leaves, the number of vertices of degree 2 and the number of vertices of degree at least 3 of a tree T . On the one hand, we know that
Next, assume that there is a tree attaining this bound. In such a case, the inequalities in the preceding expression must be equalities. Thus,
. Finally, from Inequality 2, we deduce that n ≥3 = n 1 − 2 if and only if there are no vertices of degree greater than 3. Therefore, there are exactly n ≥3 vertices of degree 3. Since n ≥3 = n 1 − 2 = k(k − 1) − 2, the proof is complete. 3  3  9  9  13  6  3  4  4  28  24  34  12  12  10  5  75  50  68  20  30  18  6  186  90  118  30  60  28  7  441  147  187  42  105  40  Table 2 : Upper bounds on the order of a graph for some values of χ N L (G). Table 2 illustrates Theorem 25. The cases in bold are not feasible because the bound for general graphs (see Theorem 2) is smaller than the specific bound for trees (see Theorem 25). The bound for graphs with ∆ = 2 is given in Proposition 5. Bounds for unicyclic graphs (see Theorem 21) are the ones for trees adding two unities. The last column shows the number of vertices of degree 1 (n 1 ), of degree 2 (n 2 ) and of degree 3 (n 3 ) that a tree attaining the upper bound has to have, as shown in Theorem 25.
For k = 3, the path P 9 is an example attaining the general upper bound. For k = 4, a tree attaining the general upper bound n = 28 is displayed in Figure 6 . For k = 5, a tree of order 66 is shown in Figure 6 . We do not know whether there are trees of order either 67 or 68 with NLC-number 5. Next proposition shows that there is a tree attaining the specific upper bound for trees whenever k ≥ 6.
Recall that a caterpillar is a tree that reduces to a path when pruning all its leaves. Clearly, any comb is a caterpillar.
Proposition 26. For every integer k ≥ 6, there is a caterpillar T with NLC-number χ N L (T ) = k and order n(T ) = 1
Proof. Consider the k-NL-coloring of the unicyclic graph U k of order . After deleting the vertices x and y from the comb, the colors of their neighborhoods are given in Table 3 . Table 3 : Set of colors of the neighborhoods.
Using Table 1 , check that there are no vertices with the same color having the same set of colors in their neighborhoods in T k . Therefore, we have a k-NL-coloring of T k .
Finally, some others results involving the NLC-number of trees are shown. In general, it is not known whether or not this bound is tight. For ∆(G) = k − 1, this bound match with the one given in Theorem 2(1) which is known to be tight. Since we have proved that if G is a cycle, then n = a 1 (k) + a 2 (k), this fact implies that the referred bound is tight for graphs with maximum degree ∆(G) = 2. What does it happen for graphs with ∆(G) = 3?
We have shown that if G is either a tree or an unicyclic graph, then n ≤ 2a 1 (k) + a 2 (k) and, obviously, 2a 1 (k) + a 2 (k) < a 1 (k) + a 2 (k) + a 3 (k), so the bound is not achieved by these graphs. Is it achieved by other kind of graphs? This is an open problem, not only for graphs with maximum degree ∆ = 3, but also for graphs with 4 ≤ ∆ ≤ k − 2. We know that the bound given by the Proposition 28 is not tight. Indeed, for a tree T with NLC-number 3, Proposition 28 states that ∆(T ) ≤ 5. However, by Theorem 2(1), we have that n(T ) ≤ 9. Then, it is easy to verify that χ N L (T ) = 3 and n(T ) ≤ 9 implies ∆(T ) ≤ 4.
In general, we postulate the following.
Conjecture 29. Let k ≥ 2. If T is a tree with χ N L (T ) = k, then ∆(T ) ≤ (k −1) 2 . Moreover, this bound is tight for every integer k ≥ 2.
For an example of a tree T with χ N L (T ) = k and ∆(T ) = (k − 1) 2 , see Figure 8 . If G is a connected graph of diameter diam(G) = d ≤ 23, then, it is possible verify that χ N L (G) ≥ χ N L (P d+1 ). We propose the following conjecture.
Conjecture 30. Let G be a graph of diameter d. Then, χ N L (G) ≥ χ N L (P d+1 ).
